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p-Independence Implies Pseudomodularity 
BERNT LINDSTROM 
Pseudomodular lattices were defined and characterized by A. Bjomer and L. Loviisz. 
Lattices of algebraically closed fields are pseudomodular. This important example was 
discovered by A. Dress and L. Loviisz when generalizing the Ingleton-Main lemma, which 
gave the first example of a non-algebraic matroid. 
p-Independence matroids were discovered by O. Teichmiiller in the context of purely 
inseparable field extensions of exponent 1. They have been studied by S. MacLane and G. 
Pickert, who observed that their geometrical lattices are not always modular. We prove here 
that they are pseudomodular. 
Let K be a field of prime characteristic p. Assume that K is finitely generated over 
KP, the field of pth powers of the elements of K, and distinct from KP. K is then a 
purely inseparable extension of exponent 1 over KP [3, Section 8.16]. For example, let 
Xl, ... ,Xn be algebraically independent transcendentals over GF(p), K = GF(p) 
(XI> ••• , xn) and KP = GF(p) (x~, ... , x~). If A is a subset of K and b E KP(A), then b 
is said to be p-dependent on A. O. Teichmiiller observed that p-dependence satisfies 
the axioms of dependence in van der Waerden's 'Moderne Algebra'. K is therefore a 
matroid [8, Exercise 7.1] on an infinite set. 
Let k be a field in the interval KP s;;; k s;;; K and B = {bI> ••• , br } a minimal set of 
generators of Kover k. Then each element of K is a linear combination of monomials 
MI, ... ,b~r (0 ~ ni ~ P - 1, 1 ~ i ~ r) with coefficients in k. The monomials are 
linearly independent over k. Therefore [K: k] = pr (cf. [3, Section 8.16]). B is a base of 
Kover k. The size of a base of k over KP is the rank r(k) of k. 
If be K depends on A s;;; Kover k, i.e. if r(b U AUk) = r(A Uk), then b E k(A) and 
there is a polynomial P of degree less than p in each variable and coefficients in k such 
that b = P(A). 
S. MacLane observed that the geometric (semimodular) lattice of fields k, 
KP s;;; k s;;; K, is not always modular. More precisely (by [6]), it is modular if K is 
generated by at mQst 2 elements, transcendentals over KP. 
A semimodular lattice L with rank function r(x) was called pseudomodular in [1] if 
for any X, y E L the set Px,y = {z: z ~ y and r(x v z) - r(z) = r(x v y) - r(y)} has a 
unique least element. By [1, Theorem 1.4] the following property is equivalent to 
pseudomodularity. For any X, y, Z E L such that X covers X /\ Z and y covers y /\ Z is 
r(x /\ y) - r(x /\ y /\ z) ~ 1. We shall apply this property in the proof of the following: 
THEOREM. Let p be a prime and K finitely generated over KP (K is an inseparable 
extension of exponent 1 over KP). Then the geometric lattice of fields k, KP s;;; k s;;; K, is 
pseudomodular. 
PROOF. Let u, v, w be three fields such that u covers u /\ wand v covers v Ii. wand 
r(u /\ v) - r(u /\ v /\ w);;a. 2. We shall prove that this gives a contradiction. Note that 
we may assume that w = (u /\ w) V (v /\ w). For if this is not the case let w' = (u /\ 
w) V (v /\ w). Then u /\ w = U /\ w', V /\ W = V /\ w', and we may replace w by w' in 
the proof. 
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Since r(u /\ v) - r(u /\ v /\ w) ~ 2, there are elements x, y of the field u /\ v which 
are independent over the subfield u /\ v /\ w. Since u covers u /\ w, it follows that x and 
yare dependent over u /\ w. Hence x = P(y) for a polynomial P(Y) with coefficients 
from the field u /\ w. Similarly, there is a polynomial Q(Y) over v /\ w such that 
x = Q(y). 
We choose degrees of P and Q less than p. The polynomials are then unique. If 
P(Y) = Q(Y) then the coefficients of the polynomial belong to the field u /\ v /\ wand 
x (=P(y», and y will be dependent over u /\ v /\ w, contrary to our assumption. 
Hence P(Y) - Q(Y) will be a non-zero polynomial of degree less than p with y a zero. 
It follows that y belongs to the field (u /\ v) V (u /\ w) = w, and also to u /\ V by 
assumption. Hence y is in u /\ v /\ W, a contradiction to the assumptions. We conclude 
that the lattice is pseudomodular, which was to be proved. 0 
Finally, I would like to draw attention to the somewhat surprising fact that any 
p-independence matroid has a vector representation over some field of characteristic p, 
which was observed by S. S. Wagstaff, Jr in [7, Theorem 7]. We recall that algebraic 
matroids over fields of prime characteristic do not have vector representations over 
fields in general. 
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